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R e f e r e n c e s Schonland, B . F . J . 1937 P h il. M ag. 23, 503. -193S Proc. R oy. Soc. A, 164, 132 . Schonland, B . F . J ., H odges, D . B. a n d Collens, H . 1938 Proc. R oy. Soc. A, 166, 56 . S chonland, B. F . J ., M alan, D . J . a n d Collens, H . 1935 Proc. R oy. Soc. A, 152, 595 . W o rk m an , E . J ., B eam s, J . W . a n d S noddy, L. B. 1936 P hysics, 7, 375. A new Coriolis p e rtu rb a tio n in th e m ethane spectrum * I. V ib ratio n al-ro tatio n al H am ilto n ia n and wave functions It is known that the infra-red absorption band of the low-frequency funda mental vibration (r4) of the methane molecule has a rotational structure which is much more complex than one would expect for such a simple molecule (Nielsen and Nielsen 1935) . It is our purpose to show that never theless this complex structure can be explained on the basis of a regular * T he te rm Coriolis p e rtu rb a tio n is used to cover all p e rtu rb a tio n s in polyatom ic m olecules w hich arise from th e in te ra c tio n of th e an g u lar m om entum of degenerate vib ratio n s w ith th e ro ta tio n a l an g u lar m o m en tu m of th e m olecule (cf. Teller ( 1934) or Jo h n sto n an d D ennison (1935) ). T he ad d itio n al forces w hich arise in a ro ta tin g m echanical system were investigated b y Coriolis ( P oly technique, 1832); see, for instance, R o u th ( 1898), D ynam ics of a Particle, p. 156 or H aas ( 1928) , Theoretical Physics, 1, 45. T he gyroscopic n a tu re of th e Coriolis (or com pound centripetal) acceleration was po in ted o u t b y T hom son and T a it ( 1879) , N atural Philosophy, 1, 392: see W ebster ( 1912), D ynam ics, p. 320. tetrahedral model for the molecule. We shall see that the rotational levels of the vibration y4 are perturbed by the rotational levels of the next nearest vibration v2 in such a way as to produce in the spectrum just the observed complex structure. The perturbation arises from a Coriolis (or vibrational gyroscopic) interaction between the rotational-vibrational levels of the two different modes of vibration. In this first part we derive these Coriolis coupling terms in the vibrational-rotational Hamiltonian and find also the correct rotational-vibrational wave functions with which to carry out the perturbation calculation. In Part II we evaluate the matrix elements of the perturbation and determine the theoretical rotational energy spectrum of f4. In the third and final part we use this energy spectrum to calculate the optical spectrum and compare this with the observed spectrum. For this purpose we calculate the theoretical intensities of the rotational fine structure lines, taking into account the nuclear spin weights of the four equivalent hydrogen atoms. From this theoretical spectrum we calculate the theoretical envelope which would be observed with slit widths of approximately 0-5 cm.-1 as used by Nielsen and Nielsen. This theoretical envelope is found to agree remarkably well with the experimental envelope, even without taking into account any vibrational or rotational change in the equilibrium configuration.
1. P u r e d efo r m a t io n a nd o rthogonal v a len c y modes Before we can make any explicit calculation of the rotational-vibrational levels of the methane molecule we must first of all know the fundamental modes of vibration. In the following we make use of what we call the pure deformation and orthogonal valency modes (cf. Mecke 1930). These are not exact normal modes of vibration of the molecule, but we shall find that they are very good approximations to the true modes. They are based on the experimental fact that the energy required to stretch a C-H bond is con siderably greater than the energy required to change the H-C-H angles. Thus we can obtain a good approximation to the low-frequency modes by introducing the condition that all the C-H distances remain invariant. This removes four degrees of freedom and enables us to find five different orthogonal deformation vibrations in which only the angles change. The remaining four high-frequency modes are then determined simply by the condition that they should be orthogonal to these deformation vibrations. These high frequency valency vibrations will involve essentially changes in the C-H distances; they will also, however, involve to a slight extent changes in the angles. In finding these modes it will help us considerably to make use of the fact that three normal modes of vibration of the methane molecule, for any force system whatever (consistent with the tetrahedral symmetry), are determined completely by symmetry. These are the totally symmetrical vibration of type Ax (in the notation of Tisz twofold degenerate set of vibrations of type E. That these are completely determined is a consequence of the group-theoretical result that the methane molecule possesses one and only one of each of these irreducible types of vibration. We denote the vibration of type Ax by Qx and two suit ably chosen normal modes of type E by and In each of these modes of vibration the carbon atom remains at rest, in Qx the hydrogen atoms move radially in phase either away or towards the carbon atom (so that this is a pure valency mode of vibration), whilst in Q2a and Q2b the hydrogen atoms move on a sphere about the carbon atom, so that the C-H distances remain unaltered. These latter give us therefore at once two of the deformation modes of vibration. In the three remaining deformation modes the carbon atom takes part in the vibration. These modes can be arrived at by re garding them as compounded out of an infinitesimal translation of the whole molecule, followed by a backward displacement of the hydrogen atoms tangential to the equilibrium sphere drawn with its centre at the displaced position of the carbon atom. This will clearly satisfy the condition that the C-H distances remain unchanged, since neither of the two compounded displacements change them. The directions of displacement of the hydrogen atoms tangential to the sphere are determined completely by the con ditions of orthogonality to the translations, the rotations and the twofold degenerate vibrations. In the three remaining valency modes the carbon atom also moves and the hydrogen atoms move out or in radially towards the equilibrium position of the central atom (and not towards the carbon atom itself) so that the valency angles do change slightly.
In the above way we found the following set of valency and deformation modes of vibration of the methane molecule. We use here the notation used previously (Jahn 1935): each mode of vibration Qr is described by a set of vectors uar (oc = 0,..., 4),
Qr uX r,
giving the displacements from equilibrium of the five atoms. (The index 0 refers to the carbon atom, and the four hydrogen atoms are numbered as in the reference just mentioned.) These displacement vectors are expressed as linear combinations of the unit vectors x, , z drawn parallel to the two fold axes of the equilibrium tetrahedron.
(a) Deformation modes (CH distances do not change)
Here m = mass of hydrogen atom, ra0 = mass of carbon atom, M = m0 + 4m = total mass of molecule.
The normalization factors have been so chosen that the reduced masses of the vibrations are all equal to m, the mass of the hydrogen atom:
Hence if we introduce coordinates qr to describe a g figuration Q by
where Q0 is the equilibrium configuration, then the vibrational kinetic energy has the form 2 T = m 2 r From group theory it follows, since the sets of displacements Q3z and Q4x, Q Ay, Qis are both transformed in the same way according to the representation F2 of the tetrahedral group by the Wigner symmetry operators, that the potential energy has the following form:
If the above set of displacements were true normal modes, k34 would be zero. This is not the case, but it can be shown that it is small compared with the other constants.* That these displacements do form a good approximation to the true modes can be shown further by calculating the maximum angular momenta (£-values) of the two threefold degenerate modes of vibration. It has been * [ Note added in proof.] T he p ositive value of R o se n th a l's general force co n stan t D ( P h y s . Rev. 45, 538 ( 1934) ) corresponds to a sm all value k 3i = -0-1522 x 105 of th e cross term , w hilst th e negative value corresponds to th e large value -0-9957 x 105. D ennison an d Jo h n s to n (Phys. Rev. 47, 93 (1935) ) have show n th a t th e positive value of D is requ ired to explain th e sp ectru m of C H 3D, th u s giving conclusive evidence th a t th e valency a n d d eform ation m odes are good approxim ations. F o r th e tru e modes, using th e sm all value of k 3i, we find
I t should be po in ted o u t th a t a positive value of R o se n th a l's c o n stan t D corresponds to a negative value of Jo h n so n an d D ennison's (Phys. Rev. 48, 868 ( 1935) ) co n stan t e.
shown (Jahn 1935; cf. also Eckart 1935) This shows that the modes we use do approximate to the true modes of vibration of the molecule. (It should be noted that the formulae given above allow us to calculate the £-values for other tetrahedral molecules for which valency and deformation modes are also good approximations. Under this assumption we find for GeH. £0= 0-018, £. = 0-482 and for SiH4 £3 = 0-046, £4 = 0-454.) With the above explicit expressions for the modes of vibration we can calculate, using a method already developed (Jahn 1935) , all the Coriolis coupling terms occurring in the rotational-vibrational Hamiltonian of the molecule. We want in particular to calculate the Coriolis coupling between the fundamentals v4 and v2.
The Coriolis coupling term in question can be written in the form of the angular momentum S( 4) of the vibratio angular momentum of the molecule has spherical symmetry and con sequently does not completely remove the degeneracy of the rotational levels of v4. As is well known it causes each rotational level (except the J = 0 level) to split into three Coriolis levels (^-levels). The term H(2i), however, has only tetrahedral symmetry and consequently can partly remove the degeneracy of these Coriolis levels. This causes a splitting as well as a displacement of the rotational levels and gives rise to the observed complex rotational structure of r4.
Since the term H( 24) is totally symmetrical with respe hedral group Td (as can easily be verified), it can only have non-vanishing matrix elements between wave functions which transform according to the same irreducible representations of Td. It is our purpose in the following to find those correct linear combinations of the vibrational-rotational wave functions of r4 which transform according to such irreducible repre sentations. We shall carry out this explicit calculation up to the tenth rotational quantum number. The reduction of these product representations gives us the wave functions of the three Coriolis levels into which each rotational level is split by the Coriolis interaction term H(i\ We denote the corresponding levels by Jj_i, Jj, Jj+1 respectively. The formulae giving the explicit reduction of these product representations are well known and can be written as follows:
(We have omitted the magnetic quantum number M, since it does not enter into the transformation formulae; in particular we could take 0 for which case the rotational wave functions become simply spherical harmonics. None of the Coriolis interaction terms remove the (2 l)-fold degeneracy which is described by the quantum number M.) These vibra tional-rotational wave functions diagonalize the interaction term H(i> . One finds easily for the matrix elements (cf. Johnston and Dennison 1935): Since these Coriolis levels have spherical symmetry (i.e. transform ac cording to irreducible representations of the full group of all rotations and reflexions), the number and degeneracy of the sublevels into which they can be split by the tetrahedrally symmetrical perturbation Hm) are deter mined by the reduction of the representations Dj, D°j into irreducible repre sentations of the tetrahedral group. The general result of this reduction is easy to calculate and is given below, together with an explicit reduction carried out up to J = 10.
T e t r a h e d r a l l y ir r e d u c ib l e h a r m o n ic fu n c t io n s
The reduction of the representations D°j, Dj into irreducible represen tations of the tetrahedral group Td is determined by the characters of the former representations for the group elements of Td. These characters are as follows:
From these characters and from the characters of the irreducible repre sentations of Td one finds the reductions given in Table I . General formulae for any value of J can easily be found but are not necessary f Our results include those of Cundy (1938) who has given the reduction of Da j for J even and of D1 } for J odd.
To carry out the explicit reduction we make use of the spherical harmonics Yj k ( K = / ,. . . , -J), which transform according to Dg j for J even a according to Dj for J odd. Having reduced the representations subtended by these functions, it is straightforward to obtain the reduction in the re maining cases (i.e. D°j for J odd and Dj for J even). We follow Maxwell (1892) (cf. Elert 1928; Bethe 1929) and express the spherical harmonics as multipoles having their axes along the x, y and z axes. Their transformation properties with respect to the tetrahedral*group are then easy to investigate.
We replace the usual complex spherical harmonics YJ K (as defined for instance by Bethe 1933) for each value of by the following 1 real and orthogonal functions:
, we find, the following exp these functions in terms of multipoles having their axes along the x, y and z directions:
where (0, 0, J) is the normalized multipole directed along the z ax and d£~K\ h^~K) are derived from functions aK, bK which are linear combinations of multipoles having their axes directed along the x and directions. These latter quantities are determined by the following expan sions given by Maxwell:
The functions a^~K\ b^~K) are derived from aK and replacing in the above expansions each factor ( -L, L) by the multipole
The functions UJ K, VJ K and WJ are all normalized to 477-. From these formulae we have derived expressions for the real spherical harmonics U^, YJ K in terms of the multipoles (a, /?, y) (with a + /? + y = up to J = 10. The results are shown in Table II .
Since the multipoles (a, /?, y) transform like the products x^yh^, it is easy to see how these functions transform under the symmetry operations of the tetrahedral group Td. We denote the linear combinations of the real spherical harmonics Uj^, VJ K, WJ which transform according to the irre ducible representations Ax, A2, E,
If two or more representations of the same type occur in the reduction of DJ} we add superscripts to distinguish the functions, e.g. U( z\ 5), U{ f(5). From the above expressions for the functions in terms of multipoles we found that the combinations given in Table III transform according to irreducible representations as shown. In the case of the threefold degenerate representations Fx and F2 we list only the functions Û(J), spectively, since these will be sufficient for any perturbation calculation.
As is shown in Table III The above reduction enables us at once to form the proper combinations of the vibrational-rotational wave functions of the three Coriolis levels which transform according to irreducible representations of the tetra hedral group. For this purpose we define real wave functions in the same way as we did for the spherical harmonics by
UK(JL) = ^{W_K(JL) + (-l)ZWK(JL)},
For the levels Jj_x, Jr+1 the proper linear combinations of these functions are just the same as for the corresponding spherical harmonics; for the levels Jj, however, which transform according to Dj when J is even and according to Da j when J is odd, those linear combinations which transform according to Fx for the spherical harmonics give us the correct linear com binations of the vibrational-rotational wave functions for F2 and vice versa. Similarly the representations Ax and A2 are reversed and also the e-and /-functions of the representation E. In this way we found the linear com binations shown in Table IV . These functions are the correct linear com binations to use in any calculation of a tetrahedrally symmetrical pertur bation (except when two or more representations of the same type occur). The vibrational-rotational wave functions given in Table IV will be used in the second part of this paper to evaluate the energies of the corresponding levels when the Coriolis coupling term Hm) is taken into account. We shall derive general formulae for the matrix elements of (24) between the real vibrational-rotational functions UK(JL), V K(JL), W(JL) of r4 and the corresponding real vibrational-rotational wave functions of v2. These will then be used to calculate the matrix elements between the proper linear combinations. When two or more representations of the same type occur, the perturbed levels are found by diagonalization of the corresponding perturbation matrix. It should be pointed out that the functions given in Table IV can be used also in evaluating other perturbations, for example second order Coriolis effects involving anharmonicity, or in calculations of the rotation and vibration of methane in the solid state.
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